. Given an extension F ′ /F of algebraic function fields over F q , we define the conorm AG-code defined via F ′ associated to an AG-code defined via F .
I
An algebraic function field F/F q of one variable over the finite field F q is an extension field F ⊇ F q such that F is an algebraic extension of F q (x) for some x ∈ F trascendental over F q . We will consider function fields F/F q in which F q is the full constant field, i.e., F q is algebraically closed in F .
If G is a divisor of F , denoted G ∈ Div(F ), then the Riemann-Roch space associated to G is the finite dimensional vector space over F q defined by
where (x) denotes the principal divisor of x. The dimension of G is defined as ℓ(G) = dim L(G). One of the most important problems in the theory of algebraic function fields is to calculate the dimension of a divisor. The answer to this problem is provided by the Riemann-Roch Theorem, which asserts that ℓ(G) = deg(G) + 1 − g + ℓ(W − G), where W is a canonical divisor and g stands for the genus of the function field F/F q .
Given disjoint divisors D = P 1 +· · ·+P n and G of F/F q , where P 1 , . . . , P n are different rational places, the algebraic geometry code (AG-code for short) associated with D and G is defined by (1.1) C F L (D, G) = {(x(P 1 ), . . . , x(P n )) : x ∈ L(G)} ⊆ (F q ) n . When F is clear we shall drop it from the notation. It is known that C L (D, G) is an [n, k, d]-code with k = ℓ(G) − ℓ(G − D) and (1.2) d ≥ n − deg G. Also, if deg G < n then (1.3) k = ℓ(G) ≥ deg G + 1 − g and hence k + d ≥ n + 1 − g. If, in addition 2g − 2 < deg G, then k = deg G + 1 − g. The number d * = n − deg G is called the designed distance and one can define similarly k * = deg G + 1 − g to be the designed dimension.
From this facts, we see that if deg G > 2g − 2, then the dimension k is known and depends only on deg G. On the other hand, if deg G ≤ 2g − 2, then ℓ(D − G) in general does not vanish, and the dimension k is only lower bounded. The aim of this paper is to introduce the conorm code associated to an AG-code.
Sometimes it is useful to distinguish 3 levels of AG-codes. Let C be as in (1.1). If deg G < n we will say that C is a moderate AG-code (MAG-code). A moderate AGcode which also satisfies 2g − 2 < deg G is called a strong AG-code (SAG-code). A weak AG-code (WAG-code) is an AG-code which is not moderate nor strong.
A brief outline of the paper is as follows. In Section 2, given an extension F ′ /F and using the conorm, we define the conorm code
In Section 3 we show that, under certain conditions this construction preserves cyclicity. In a particular case, the conorm code and the original one are different geometric representations of the same algebraic code over F q .
T AG-
Consider a finite extension of algebraic function fields F ′ /F q t of F/F q . We will show how to construct an AG-code
This will be accomplished by using the conorm map Con : Div(F ) → Div(F ′ ), that we now recall. If P is a place in F , the conorm divisor of P is the divisor
2.1. Conorm codes. Let C = C F L (D, G) be an AG-code, of length n defined over F , with D = P 1 + · · · + P n and G disjoint divisors, where P 1 , . . . , P n are different rational places. Suppose that each P i is either totally ramified or splits completely in F ′ . Hence, the places over P i are all rational. Let s be the number of places P i that split completely in F ′ . Without loss of generality we can assume that the places P i are ordered such that P 1 , . . . , P s are the places which split completely in F ′ and, hence, P s+1 , . . . , P n are the places which are totally ramified in F ′ . We put r = n − s and we have 0 ≤ s, r ≤ n.
For
the rational places in F ′ over P i , and let Q i be the only place in F ′ over P i for every s + 1 ≤ i ≤ n. Put (2.2) D = P 1 + · · · + P s :=Ds
Note that, if m = [F ′ : F ], then by (2.1) we have
(2.3)
In the above notations we have the following definition of an AG-code "hanging over" a given one.
Definition 2.1. Given a code C = C F L (D, G) as in (1.1), we define the conorm code associated to C, or just the conorm of C, by
When F ′ /F is understood, we will abbreviate Con F ′ /F (C) by Con(C). Similarly for
Clearly, C ′ is a geometric code defined over F ′ . If m = 1 the construction is trivial and C ′ = C. By Hurwitz formula, the genus g ′ = g(C ′ ) of C ′ is given by
Remark 2.2. More general conorm codes can be defined if one consider arbitrary places. Suppose there are u = n − r − s rational places in Supp(D) which do not split completely and are not totally ramified. Then we cannot assure that the places in F ′ lying over these places would be rational. However one can use the following technique to get an AG-code in F ′ /F . Lemma 2.3. Let F ′ /F q t be a finite extension of algebraic function fields of F/F q . Let P be a rational place of F . Thus for every x ∈ O P , the residue class x(P ) = x(Q) for every place Q of F ′ lying over P .
Proof. Since P is a rational place of F/F q , the residue class field of P is F q , and thus x(P ) ∈ F q , for every x ∈ O P . This means that there is some α ∈ F q such that ν P (x − α) ≥ 0. Let Q be a place of F ′ lying over P . Then
Therefore, x(Q) = α = x(P ).
We have the following estimates for the parameters of the conorm code. Proposition 2.4. Let F ′ /F q t be a finite extension of algebraic function fields of F/F q of degree m = [F ′ : F ], with t | m. Let [n, k, d] and [n ′ , k ′ , d ′ ] be the parameters of C = C L (D, G) and C ′ = Con F ′ /F (C), respectively. Then,
where s (resp. r) is the number of places P i in D = P 1 + · · · + P n which split completely (resp. are totally ramified) in F ′ . Also,
By definition, it is clear that n ′ = # Supp(D ′ ) = ms + r. Since n = r + s we have n ′ = (m − 1)s + n = mn + r(1 − m) from which (2.6) follows directly.
By Corollary 3.1.14 in [4] we have that
From this, and using (2.5), we see that (2.8) readily follows.
Under the same notations of Proposition 2.4 we have the following.
Corollary 2.5. Assume m > 1. Thus, n ′ = mn if and only if s = n and r = 0; and in this case d ′ ≥ m(n − deg G t ). Also, n ′ = n if and only if s = 0 and r = n; and in this case
We have n ′ = ms + r by (2.6). Since r = n − s, we have that n ′ = mn if and only if (m − 1)s = (m − 1)n, which holds if and only if s = n (and hence r = 0). Similarly, n ′ = n if and only if (m − 1)s = 0. The assertions on the distance are clear now from (2.7).
Example 2.6. Let us consider F = F 4 (x) the rational function field over
where P 1 , P α and P α 2 are the rational places which are simple zeroes of x+ 1, x+ α and x + α 2 respectively, and P ∞ is the rational place that is a simple pole of x in F . Then we have that C is and [3, 3, 1]-code over F 4 which is also MDS (maximum distance separable). In fact, deg G = 2 and g(F ) = 0, so k = 2 + 1 − 0 = 3 and d ≥ 3 − 2 = 1 but by Singleton bound, d ≤ 1.
Let us now consider F ′ = F (y) = F 4 (x, y) where
Since F ′ /F is an Artin-Schreier extension, we have that P 1 and P ∞ are totally ramified while P α and P α 2 split completely. More over, we have [F ′ : F ] = 2 and
where Q 1 (resp. Q ∞ ) is the only place over P 1 (resp. P ∞ ) and R α and S α (resp. R α 2 and S α 2 ) are the two places over P α (resp. P α 2 ). We have now that n ′ = 5, k ′ = 4
The conorm construction of AG-codes behaves well on towers
or in other words
This is a direct consequence of the fact that Con
F ′′ /F (D) = Con F ′′ /F ′ (Con F ′ /F (D)) for any divisor D in F .
Geometric extensions.
We now consider the case of geometric extensions, i.e. finite extensions F ′ /F of algebraic function fields over the same field of constants F q .
Recall that for an [n, k, d]-code, the secondary parameters are the information rate R = k/n and the relative minimum distance δ = d/n. Corollary 2.7. Let F ′ /F be a geometric extension of function fields over F q of degree m > 1. Let C ′ = Con C as in Definition 2.1.
(a) If C ′ is a MAG-code then C is a MAG-code. If r = 0 the converse also holds and d ′ ≥ 2.
C is a SAG-code (hence in particular MAG), the hypothesis r = 0 implies, by (a), that C ′ is a MAG-code, and hence we are in the previous case.
Let us see that the conorm of repetition codes are repetition codes.
Example 2.8. Let F/F q an algebraic function field and let G = (y) be a principal divisor in F . Since deg G = 0 we have that dim L(G) = 1 and hence L(G) = F q . Thus, any repetition code R q (n) = {(c, . . . , c) : c ∈ F q } of length n ≤ q + 1 can be represented as a rational AG-code in F = F q (x) as C = C L (D = P 1 + · · · + P n , (y)) where P 1 , . . . , P n are rational places in F and (y) is any principal divisor with disjoint support with sup D. In fact, if c ∈ C, then c = (x(P 1 ), . . . ,
But C ′ is a repetition code by the previou comments and thus C ′ = R q (mn + s) by (2.6).
By using Kummer extensions one can prove a partial converse. Proposition 2.9. If n | q − 1, the repetition code R q (n) is a conorm code.
Proof. Consider the rational function field F = F q (x) and let F ′ = F (y) be the Kummer extension of F given by
where n | q − 1, α ∈ F * q and α = α −1 . By Proposition 6.3.1 in [4] we have that F ′ /F is cyclic of degree n and F q is the full constant field of F ′ with genus g = [ n−1 2 ]. Also, the places P α and P α −1 , the zeroes of x − α and x − α −1 respectively, are totally ramified in
and letφ(T ) be its reduction mod P 0 , the zero of x in F . Since x(P 0 ) = 0 and n | q − 1 then
Therefore, by Kummer Theorem, P 0 splits completely in F .
Let D = P 1 + · · · + P n , where P 1 , . . . , P n are the (rational) places of F ′ lying over P 0 and G = (z) F ′ with z ∈ F . By the previous example we have
Example 2.10. We will show that certain Hermitian codes are conorm codes. Consider the Hermitian function field H = F q 2 (x, y) as the degree q extension of the rational function field F = F q 2 (x), given by the equation y q + y = x q+1 . F has q 2 + 1 rational places P 1 , . . . , P q 2 and P ∞ , the pole of x. For each α ∈ F q 2 there are q elements β ∈ F q 2 satisfying β q + β = α q+1 and for all such pairs (α, β) there is a unique place P α,β in H such that x(P α,β ) = α and x(P α,β ) = α. Thus, H has q 3 + 1 rational places, q places over each rational place of F and the common pole of x and y, Q ∞ lying over P ∞ .
Hermitian codes are the 1-point AG-codes defined by
Note that if q | r then
Unramified extensions. Nice situations result when the extension F ′ /F is unramified.
Corollary 2.11. Let F ′ /F be an unramified finite extension of algebraic function fields over F q . Then C ′ is a SAG-code (resp. MAG) if and only if C is a SAG-code (resp. MAG). In this case, k ′ = mk and R ′ = R. If in addition d = n − deg G then d ′ ≥ md and δ ′ ≥ δ.
Proof. It is known that F ′ /F is unramified if and only if Diff(F ′ /F ) = 0. Hence,
by (2.5). Also, r = 0 and n ′ = mn. By (b) of Corollary 2.5, C ′ is a MAG-code if and only if C is a MAG-code. Since
we see that C ′ is a SAG-code if and only if C is a SAG-code. In this situation, we have both k ′ = deg G ′ + 1 − g ′ and k = deg G + 1 − g. By replacing, we have k ′ = m(deg G + 1 − g) = mk and hence R ′ = k ′ /n ′ = mk/mn = k/n = R.
Example 2.12. Let F 0 = K(x 0 ) be the rational function field over K = F 4 3 and consider the tower of functions fields over K, F 0 ⊂ F 1 ⊂ F 2 ⊂ F 3 , where each field extension is a Kummer extension recursively defined by F i = F i−1 (x i ) where
It was proven in [5] that extensions F 2 /F 0 is ramified but F 3 /F 2 is unramified. In F 0 we have 5 rational places P 0 , P 1 , P α , P α 2 and P ∞ , where P i is the simple zero of x 0 − i if i ∈ F 4 and P ∞ is the simple pole of x 0 in F 0 . Wulftange proved that P 0 splits completely in F 3 /F 0 , P 1 splits in F 1 /F 0 , is totally ramified in F 2 /F 1 and then splits completely again in F 3 /F 2 ; and that P α , P α 2 and P ∞ are totally ramified in F 1 /F 0 and then they splits completely in F 3 /F 1 .
Using this behavior and the Hurwitz genus formula, we have that the genus g(F 2 ) = 4 and the amount of rational places is N(F 2 ) = 3 · 4 + 9 = 21.
Let Q 1 , . . . , Q 5 be five rational places in F 2 and set D = Q 1 + Q 2 + Q 3 + Q 4 and G = 3Q 5 . Then n = 4, deg G = 3 so C = C L (D, G) is a MAG-code, with k ≥ 0 and d ≥ 1. The genus of F 3 is g(F 3 ) = 3(g(F 2 ) − 1) + 1 = 10 and the conorm code of C is C ′ which is also a MAG-code, with n ′ = 12, deg G ′ = 9, k ′ ≥ 0 and d ′ ≥ 3. In this case the relative parameters satisfy that R ′ = R ≥ 0, δ ≥ 1 4 and δ ′ ≥ 1 4 .
A more interesting case is obtained if C = C L (D, G) with D = Q 1 + · · · + Q 18 (the sum of all the places above P α , P α 2 , P ∞ and P 0 ) and G = 5(Q 10 + Q 11 + Q 12 ) where Q 10 , Q 11 and Q 12 are the places over P 1 . In this case 2g(F 2 ) − 2 = 6 < 15 = deg G < 18 = n, so C is a SAG-code, with k = 12 and d ≥ 3. In this case, the conorm code C ′ is also a SAG-code with n ′ = 54, deg G ′ = 45, k ′ = 36 and d ′ ≥ 9. So the relative parameters of this codes are R = R ′ = 2 3 , δ ≥ 1 6 and δ ′ ≥ 1 6 . We end the section answering the following inquiry.
Question 1. What are the codes Con(C ⊥ ) and Con(C) ⊥ ? When Con(C ⊥ ) = Con(C) ⊥ ? Proposition 2.13. Let F ′ /F be an unramified finite extension of algebraic function fields over F q and let C = C L (D, G). Then Con(C ⊥ ) = Con(C) ⊥ .
Proof. Let C = C L (D, G) and Con(C) = C L (D ′ , G ′ ) with D ′ = Con(D) and G ′ = Con(G). On the one hand we have that (Con(C)) ⊥ = C Ω (D ′ , G ′ ).
On the other hand, we know that C ⊥ = C Ω (D, G) and by [4, Lem. 2.2.9 and Prop. 2.2.10] there exist a Weil differential η of F such that
and η satisfies that v P i (η) = −1 and η P i (1) = 1 for all i = 1, . . . , n and {P 1 , . . . , P n } = sup(D).
Then Con((η) ).
Let η ′ = Cotr F ′ /F (η) be the cotrace of η, e.i. η ′ is a Weil differential of F ′ such that (see [4, Thm 3.4 .6]) (η ′ ) = (Cotr F ′ /F (η)) = Con F ′ /F ((η)) + Diff(F ′ /F ), and since in this case the extension is unramified we have that (η ′ ) = Con((η)).
Moreover, if sup(D ′ ) = {Q 1 , . . . , Q n ′ } then for each j there is an index i such that
and since P i ∈ sup(H) (because v P i (η) = −1) then Q j ∈ sup(H ′ ), and thus we have that
Therefore, v Q j (η ′ ) = −1 for each j = 1, . . . , n ′ .
Even more, η ′ (1) = Tr Fq/Fq (η ′ (1)) = η(Tr F ′ /F (1)) = η(1) = 1.
Then, again by [4, Prop. 2.2.10], we have
We have proved that
T AG-
From now on, we will consider the case of geometric extensions. That is, F ′ /F is a finite extension of functions fields over the same field of constants F q .
We will show that under certain conditions on the ramification behavior of the rational places of D, we can represent a cyclic AG-code C = C F L (D, G) defined over F , as a cyclic AG-code defined over F ′ by way of the conorm.
We will first need some preparatory results.
Lemma 3.1. Let F ′ /F be an extension of algebraic function fields over F q . Assume that G ∈ Div(F ) and G ′ ∈ Div(F ′ ) are such that they satisfy
Proof. Let Q ′ ∈ Supp(G ′ ), put Q = Q ′ ∩ F and take x ∈ L(G). By hypothesis Q ∈ Supp(G) and therefore v Q (x) ≥ −n Q (G). Then we have,
, and thus x ∈ L(G ′ ). Proof. The fact that L(G) ⊆ L(G ′ ) follows from the previous Lemma.
(a) Now, let x ∈ L(G) ⊆ F . Note that in this case Tr(x) = mx. Let x ′ = m −1 x where m −1 is the inverse of m modulo p = char(F q ). Then, if Q ′ ∈ P(F ′ ) we have that Tr(
Thus, x ′ ∈ L(G ′ ) and therefore x ∈ Tr(L(G ′ )).
(b) Now let us assume that F ′ /F is Galois. In this case we have that e(Q ′ |Q) = e Q is the same for every Q ′ |Q and if G = Gal(F ′ /F ) then Tr(x) = σ∈G σ(x). Let
, for some σ 0 and some Q ′′ |Q. Then, by the above calculation, we have
, and thus x ∈ L(G).
Remark 3.4. Item (b) also hold if we replace the trace map with the norm map,
The next result is a direct consequence of Lemmas 3.1 and 3.3. Corollary 3.5. If F ′ /F is a finite Galois extension of degree m and G ′ = Con F ′ /F (G), then T r(L(G ′ )) ⊆ L(G) ⊆ L(G ′ ). If, in addition, (m, q) = 1 then (3.1)
Tr(L(G ′ )) = L(G).
Cyclicity of AG-codes. We recall that a linear code C ⊆ (F q ) n is cyclic if it is closed under the cyclic shift of its coordinates. Namely, for every (c 1 , . . . , c n ) ∈ C we have that the word (c n , c 1 , . . . , c n−1 ) is also in C. We will show that the conorm construction preserves cyclicity in a special case. First we give this simple result.
Lemma 3.6. Let F ′ /F a finite extension of function fields over F q . Let C = C F L (D, G) be an AG-code such that Supp(D) has only totally ramified places, i.e. D = D r in (2.2). In this case, C is a subcode of its conorm code C ′ = Con(C). Then, C is cyclic if C ′ is cyclic.
Proof. Let D = P 1 + · · · + P n with every P i totally ramified in F ′ . Let Q i be the only place of F ′ over P i , for i = 1, . . . , n, and thus D ′ = n i=1 e(Q i |P i )Q i . Now, consider c = (c 1 , . . . , c n ) ∈ C. Then, there is some x ∈ L(G) such that c i = x(P i ) for every i = 1, . . . , n. Since Supp(D ′ ) ∩ F = Supp(D) and n Q i (D ′ ) = e(Q i |P i ) for i = 1, . . . , n, we have that L(G) ⊂ L(G ′ ), by Lemma 3.1. Hence, x(Q i ) = x(P i ) = c i and therefore c ∈ C ′ . The remaining assertion is clear.
We recall from [1] the condition for an AG-code C = C L (D = P 1 + · · · + P n , G) to be cyclic. Any codeword of C is of the form c = (x(P 1 ), x(P 2 ), . . . , x(P n )) with x ∈ L(G). The code C is cyclic if and only if s(c) = (x(P n ), x(P 1 ), . . . , x(P n−1 )) is also in C. But this happens if and only if there is an element z = z(x) ∈ L(G) such that (3.2) (x(P n ), x(P 1 ), . . . , x(P n−1 )) = (z(P 1 ), z(P 2 ), . . . , z(P n )).
Example 3.7. Let F ′ /F be an algebraic function field extension over F q of finite degree m. Let C = C F L (P, G) where P is a rational place not in the support of G. The code C, being of legnth 1, is 0 or F q depending on the degree of G, and hence trivially cyclic. If C is not trivial, its conorm code is C ′ = C F ′ L (D, G ′ ), where G ′ = Con G and D = P ′ |P P ′ . If F ′ /F is Galois, the elements in the Galois group G = Gal(F ′ /F ) permutes the places over P and hence is (equivalent) to a cyclic code (see [1] , Proposition 5.1 and the comments before it). Assume further that P splits completely. In this case, by Lemma 3.6, we have that L(G) ⊂ L(G ′ ) and hence C ′ contains a geometric realization of the repetition code R q (m).
Despite the trivial case of the previous example, we will now show that in finite Galois extensions of function fields, the conorm lift of (certain) cyclic AG-code is also cyclic.
Theorem 3.8. Let F ′ /F be a Galois extension of algebraic function fields over F q of degree m, with (m, q) = 1 or q|m. Let C = C F L (D, G) be an AG-code such that every place in Supp(D) is totally ramified in F ′ . Then, C is cyclic if and only if C ′ = Con F ′ /F (C) is cyclic.
Proof. By Lemma 3.6 we know that C ⊆ C ′ and hence C is cyclic if C ′ is cyclic. Now, assume that C = C F L (D, G) is cyclic. We want to show that C ′ = C F ′ L (D ′ , G ′ ) is cyclic too. Suppose that D = P 1 + · · · + P n where the P i 's are different rational places totally ramified in F ′ . For every i = 1, . . . , n, let P ′ i be the only place in F ′ above P i . Thus, we have D ′ = n i=1 e(P ′ i |P i )P ′ i . Hence, given a codeword c ′ = (x ′ (P ′ 1 ), . . . , x ′ (P ′ n )) ∈ C ′ , where x ′ ∈ L(G ′ ), we want to show that we can find an element z ′ = z ′ (x ′ ) ∈ L(G ′ ) satisfying (3.2), that is
. , x ′ (P ′ n−1 )). Let us first assume that (m, q) = 1. Consider the element
where G = Gal(F ′ /F ). Since Tr(L(G ′ )) = L(G), by Corollary 3.5, we have that actually x ∈ L(G). Since C is cyclic, by (3.2) there is an element z ∈ L(G) such that (z(P 1 ), z(P 2 ), . . . , z(P n )) = (x(P n ), x(P 1 ), . . . , x(P n−1 )). Now, put z ′ = m −1 z ∈ L(G ′ ) where m −1 is the inverse modulo p = char(F q ). Hence, for every i mod n, we have
We have used that z(P ′ i ) = z(P i ) and x(P ′ i ) = x(P i ), by Lemma 2.3. In this way, we see that z ′ ∈ L(G ′ ) satisfies (3.3) and therefore, C ′ is a cyclic code, as desired.
In the case q|m we use a similar argument but considering
where G = Gal(F ′ /F ). Here we have that N(L(G ′ )) ⊆ L(G) and therefore, x ∈ L(G). We define z ′ = z and for every i mod n, we have
In this way, we see that z ′ ∈ L(G ′ ) satisfies (3.3) and therefore, C ′ is a cyclic code, as desired.
We have seen in Lemma 3.6 that under certain conditions, the original code C is a subcode of its conorm lift C ′ . If, in addition, the code C is cyclic, then both codes coincide. That is, as algebraic codes over F q , C and C ′ are the same code. Proof. We know by Lemma 3.6 that C ⊆ C ′ . Let c ′ ∈ C ′ . Then c ′ = (x ′ (P ′ 1 ), . . . , x ′ (P ′ n )) with x ′ ∈ L(G ′ ). By Theorem 3.8, C ′ is cyclic and hence the cyclic shift s(c ′ ) ∈ C ′ . Thus, there is z ′ ∈ L(G ′ ) satisfying the cyclic condition z(P ′ 1 ) = x(P ′ n ), z(P ′ 2 ) = x(P ′ 1 ), . . . , z(P ′ n ) = x(P ′ n−1 ). In the proof of Theorem 3.8 we show how to construct this element z ′ performing the shift, and that z ′ is actually in L(G), by construction. Therefore, s(c ′ ) ∈ C and, in this way, c ′ = s n (c ′ ) ∈ C. This implies that C ′ ⊆ C and thus C = C ′ .
In other words, given a cyclic AG-code C = C L (D, G) over a finite Galois extension F ′ /F of degree m, such that m is coprime to q or q divides m and where the support of D is totally ramified, the conorm lift gives a geometric representation C ′ = Con(C) of C in a function field of greater genus. 
